Johannes Kepler and Isaac Newton inspired generations of researchers to study properties of elliptic, hyperbolic, and parabolic paths of planets orbiting around the Sun. After the intensive study of those conic sections during the last four hundred years it is believed that this topic is practically closed and the 21 st Century cannot bring anything new to this subject. Can we add to those visible orbits from the Aristotelian World some curves from the Plato's Realm that might bring to us new information about those conic sections? Isaac Newton in 1687 discovered one such curve -the evolute of the hyperbola -behind his famous gravitation law. In our model we have been working with Newton's Hyperbola in a more complex way. We have found that the interplay of the empty focus M (= Menaechmus -the discoverer of hyperbola), the center of the hyperbola A (= Apollonius of Perga -the Great Geometer), and the occupied focus N (= Isaac Newton -the Great Mathematician) together form the MAN Hyperbola with several interesting hidden properties of those hyperbolic paths. We have found that the auxiliary circle of the MAN Hyperbola could be used as a new hodograph and we will get the tangent velocity of planets around the Sun and their moment of tangent momentum. We can use the lemniscate of Bernoulli as the pedal curve of that hyperbola and we will get the normal velocities of those orbiting planets and their moment of normal momentum. The first derivation of this moment of normal momentum will reveal the torque of that hyperbola and we can estimate the precession of hyperbolic paths and to test this model for the case of the flyby anomalies. The auxiliary circle might be used as the inversion curve of that hyperbola and the Lemniscate of Bernoulli could help us to describe the Kepler's Equation (KE) for the hyperbolic paths. Have we found the Arriadne's Thread leading out of the Labyrinth or are we still lost in the Labyrinth?
Newton's Hyperbola Observed from Newton's Evolute (1687), Gudermann's Circle (1833), the Auxiliary Circle (Pedal Curve and Inversion Curve), the Lemniscate of Bernoulli (1694) (Pedal Curve and Inversion Curve) (09.01.2019)
Introduction
The famous quote of Heraclitus "Nature loves to hide" was described in details by Pierre Hadot in 2008. Hadot in his valuable book gives us many examples how Nature protects Her Secrets. In several situations the enormous research of many generations is strongly needed before the right "recipe" unlocking the true reality can be found.
Conic sections -Circle, Ellipse, Hyperbola, and Parabola -are among the oldest curves, and belong to the Treasure of Geometry. The conic sections seem to have been discovered by Menaechmus and were thoroughly studied by Apollonius of Perga (The Great Geometer) and his scholars. The conics are endowed with numerous beautiful properties, some those properties are shared by the entire family, while some properties are unique and original for each of them. In our research we have to be very careful and patient when we want to apply those properties for the planet orbits. Menaechmus said to Alexander the Great: "O King, for travelling over the country, there are royal roads and roads for common citizens, but in geometry there is one road for all."
The "Conics" of Apollonius of Perga were many times published and inspired all generations of researchers. The astronomer Edmund Halley published one translation in 1710 with a very famous frontispiece. This frontispiece shows a group of shipwrecked survivors on the shore of the island of Rhodes. The Socratic philosopher Aristippus apr.ccsenet.org
Applied Physics Research Vol. 11, No. 1; 2019 found the diagram of the unit hyperbola on the sand: "We have nothing to fear as I see the presence of men". (See Frank Schwetz in 2016).
Johannes Kepler in 1605 made his great breakthrough when he discovered the elliptical path of Mars with the Sun in one focus of that ellipse. Generations of researchers were inspired by this Kepler's ellipse and were searching for properties hidden in those elliptic paths. The great step made Isaac Newton in 1687 when he discovered the locus of radii of curvature of ellipse, hyperbola, and parabola (the evolute of those conic sections) and applied it for the calculation of the centripetal force. W.R. Hamilton in 1847 discovered a very elegant model of the hodograph using the pedal curve with pedal points located in both foci of ellipse (the auxiliary circle of ellipse). However, this classical model of the Kepler's ellipse and Newton's hyperbola could not properly explain the precession of the planets and Albert Einstein in 1915 replaced this classical model with his concept of the elastic spacetime. Our generation has to solve problems with anomalies again because the powerful concept of Albert Einstein has limitations, too. Where should we search our future better models?
A possible chance for further classical development of the Newton's hyperbola is to penetrate more deeply into the secrets of the Newton's hyperbola and to reappear with some new hidden properties overlooked by earlier generations of researchers. Our guiding principle is the existence of the Plato's Realm with invisible mathematical objects that might bring to us some additional information about the visible Newton's hyperbola in the Aristotelian World. In this contribution we have been working with these mathematical objects from the Plato's Realm:
1. Hyperbola properties discovered by Apollonius of Perga -the Great Geometer -and many his scholars.
2. Locus of the radii of curvature (evolute) of hyperbola -Isaac Newton in 1687. A new formula discovered trigonometrically for the radius of curvature of hyperbola.
3. The interplay of the empty focus M (= Menaechmus -the discoverer of hyperbola), the center of the hyperbola A (= Apollonius of Perga -the Great Geometer), and the occupied focus N (= Isaac Newton -the Great Mathematician) together form the MAN Hyperbola with several interesting hidden properties of those hyperbolic paths.
4. Pedal curve with the pedal points in both foci -the auxiliary circle -the newly discovered hodograph of tangent velocities.
5. Pedal curve with the pedal point in the center of that hyperbola -the lemniscate of Bernoulli -the newly discovered hodograph of normal velocities.
6. Torque of the Newton's hyperbola. (We are aware of the famous quote of Richard Feynman from the year 1962: "There's certain irrationality to any work in gravitation, so it is hard to explain why you do any of it.")
Some Properties of the Unit Hyperbola
Figure 1 and Figure 2 shows some trigonometric and hyperbolic properties of the unit hyperbola that might be used for the description of motion of planets around the Sun on the hyperbolic orbits. The gudermannian (gdx) provides an important linkage between the circular and hyperbolic functions. The hyperbolic functions were systematically studied by Johann Heinrich Lambert in 1768 and by Christoph Gudermann in 1833. Table 1 summarizes some relations for the unit hyperbola. 
Proposed Reflecting and Refracting Properties of Solar and Planet Gravitons
In this section we will assume that Solar gravitons enter into the internal volume of planets and collide with planet gravitons in four possible scenarios as it was in details described by Jiří Stávek (2018) . Gravitons are reflected and refracted similarly as in the case of the Kepler's ellipse. Therefore, we will present here only a schema of reflective and refractive properties of hyperbola in Figure 3 . 
Newton's Hyperbola Observed from the Newton's Evolute
Newton discovered several important properties hidden in the Kepler's ellipse in his Principia in 1687. For the centripetal force F, he derived formula:
( 1 ) where m is the mass of the planet, v T is the tangent velocity of the planet and ρ is the radius of curvature of that ellipse. The locus of radii of curvature is termed as the evolute. This equation opened completely new possibilities in the understanding of the Kepler's ellipse. We will use this procedure for the description of events in Newton's hyperbola.
In the standard procedure both quantities v T and ρ are found by the derivation method invented independently by Newton and Leibniz.
We will present here the trigonometric approach to these two quantities (v T in the next chapter). The radius of curvature of the hyperbola ρ can be derived in the trigonometric way shown in Figure 3 . Figure 3 describes an interplay between the normal to the tangent and the line connecting the Sun and orbiting planet. 
(The quantities expressed in the trigonometric language are simpler and Nature can talk with us in this trigonometric language that could be depicted in simple Figures without words).
Newton's Hyperbola Observed from the Pedal Curve with Pedal Points in both Foci
The pedal curve of the Newton's hyperbola is the locus of the feet of the perpendiculars from both foci to the tangent of that hyperbola. In this case the pedal curve is the famous auxiliary circle of the hyperbola.
We were inspired by W. R. Hamilton who in 1847 discovered this concept for the Kepler's ellipse that is known as the hodograph. This approach was several times forgotten and its beauty was several times rediscovered by many researchers. E.g., Richard Feynman in his "Lost lecture" made this concept very well known for our generation.
We can elegantly interpret the quantity of the tangent planet velocity as the perpendicular from the Menaechmus' empty focus to the tangent of Newton's hyperbola. 
where v ∞ is the tangent orbital velocity far away from the Sun. Now, we can test the validity of the Newton's formula expressed in the trigonometric language and compare these trigonometric formulae with formulae obtained in other mathematical languages. A very good inspiration can be found in the valuable book of Arjun Tan (2008) .
The famous Newton's formula can be trigonometrically expressed as:
At the end we have obtained the standard gravitational parameter µ:
where a is the semi-major axis and v ∞ is the tangent orbital velocity far away from the Sun.
Newton's Hyperbola Observed from the Lemniscate of Bernoulli as the Pedal Curve of the Newton's Hyperbola
We want to find a trigonometric expression for the normal velocity v N of the planet on the hyperbolic orbit. In this case the MAN Hyperbola shows Her original Feature and Beauty. We cannot use the contrapedal curve as in the case of Kepler's ellipse. We have found a great support from Jacob Bernoulli and His famous Lemniscate of Bernoulli.
The pedal curve of the Newton's hyperbola with the pedal point in the center of the hyperbola is the famous Lemniscate of Bernoulli. 
where v ∞ is the tangent orbital velocity far away from the Sun. This is a new hodograph for the normal velocities of planets orbiting in the Newton's hyperbolas. 
Moment of the Tangent Momentum and Moment of the Normal Momentum of the Newton's Hyperbola
Based on the formulae in Tables 1 and 2 we can evaluate the moment of the tangent momentum L T and to introduce a new physical quantity -the moment of the normal momentum L N .
The moment of momentum L is defined as the product of the linear momentum with the length of the moment arm, a line dropped perpendicularly from the origin onto the path of the particle. It is this definition: L = (length of moment arm) x (linear momentum).
The moment of the tangent momentum L T for the Newton's hyperbola is given as: ( 7 ) where m is the mass of the planet, v T the tangent velocity of the planet and SN is the length of the moment arm (the distance between the Newton's occupied focus and the tangent). The moment of the tangent momentum L T is constant during the complete hyperbolic path of the Newton's hyperbola. Therefore, there is no contribution to the torque from this moment of the tangent momentum. This is very well-known experimental fact documented in the existing literature.
The moment of the normal momentum L N for the Newton's hyperbola is given as: Vol. 11, No. 1; 2019 where m is the mass of the planet, v N the normal velocity of the planet and SN is the length of the moment arm (the distance between the Newton's occupied focus and the tangent). The moment of the normal momentum is not constant during the complete path of the Newton's hyperbola -it is dependent on the distance from the Menaechmus empty focus. Therefore, we expect a contribution to the torque of the Kepler's ellipse.
Torque of the Newton's Hyperbola
Torque is defined mathematically as the rate of the change of the moment of the momentum. As long as the moment of the tangent momentum is constant then there is no net torque applied. However, what about the moment of the normal momentum?
The derivation of the formula for the torque caused by the moment of the normal momentum for the Newton's Hyperbola should be as:
In this formula we have expressed the rate of change of the hyperbolic angle x as the ratio of the tangent velocity v T of the planet and the curvature ρ in that point of the MAN Hyperbola. The torque τ depends on the inverse square of the distance of the planet from the Sun and on the value of its hyperbolic angle x. In the first quadrant the planet approaches the Sun and therefore the sign of hyperbolic sine is (+sinhx), in the fourth quadrant the planet travels away from the Sun and the sign of the hyperbolic sinus is (-sinhx).
We expect that this newly discovered quantity τ -the torque of the Newton's hyperbola -might contribute to the hyperbola precession. There are several very well documented flyby anomalies -discrepancies between current scientific models and the actual increase in the speed observed during a planetary flyby by a spacecraft. One such famous example is the Pioneer anomaly discovered by the great Master John D. Anderson.
We want to pass this concept into the hands of experienced Readers of this Journal. Have we found the Arriadne's Thread leading out of the Labyrinth or are we still lost in the Labyrinth?
Isaac Newton in his Propositions 43-45 of Book I in his Principia derived a formula for the force causing the precession of planets. The astrophysicist Subrahmanyam Chandrasekhar in 1995 in his comments to Principia remarked that this Theorem remained largely unknown and undeveloped for over three centuries. How to describe classically the planet and spacecraft precession?
Torque of the Kepler's Ellipse -Correction of Jiří Stávek 28.10.2018
The derivation of the formula for the torque caused by the moment of the normal momentum for the Kepler's ellipse would be as:
( 1 0 ) In this formula we have expressed the rate of change of the eccentric anomaly E as the ratio of the tangent velocity v T of the planet and the curvature ρ in that point of the Kepler's ellipse. The torque τ depends on the inverse square of the distance of the planet from the Sun R and on the value of its eccentric anomaly. In this definition the value dE/dt is not dependent on the position of the observer in the Solar System.
Kepler's Equation for the Newton's Hyperbola
Kepler's Equation (KE) has been in the focus in the modern science for four centuries. This topic passed through hands of numerous great researchers. Peter Colwell (1993) surveyed different mathematical techniques and styles to solve the KE for the Kepler's ellipse -for a given mean anomaly M to find the eccentric anomaly E.
We propose to employ the auxiliary circle of the Newton's hyperbola as the inversion curve for the Newton's hyperbola. This transformation of hyperbola leads into the famous Lemniscate of Bernoulli. We will use the properties of the Lemniscate of Bernoulli for the expression of the fictious angular velocity ω and the fictious period T to express the third Kepler's law for the hyperbolic orbit. In this case the physical interpretation of the The relations between the mean anomaly M and the eccentric anomaly E for the Newton's hyperbola might be expressed as:
( 1 1 Vol. 11, No. 1; 2019 ( 1 2 ) This fictious period T found using the properties of the Lemniscate of Bernoulli might be an example that the Newton's Hyperbola is surrounded by several hidden curves that reveal to us some new hyperbola properties. Some of those properties have real physical meaning but some of them describe just fictious events.
"Antikythera Mechanism" in the Solar System
We propose to use the very-well known Antikythera Mechanism as an analogy for the visible Newton's hyperbola -a part of our Aristotelian World -connected deeply with invisible curves from the Plato's Realm -Newton's evolute (1687), the Lemniscate of Bernoulli (1694), and the auxiliary circle that expand our knowledge about the visible Newton's hyperbola. Are there some more hidden curves in the Plato's Realm connected to the Newton's hyperbola? How to distinguish the real physical meaning written in those curves from fictious events if both are mathematically correct?
Conclusions
1. We have presented some quantitative properties of the Newton's hyperbola in Table 1 and Figures 1 and 2.
2. We have studied the interplay of the empty focus of hyperbola M (=Menaechmus) with the center of hyperbola A (=Apollonius of Perga) and the occupied focus of hyperbola N (=Newton) in the MAN Hyperbola.
3. We have discovered a new trigonometric formula for the radius of curvature in the Newton's evolute of the Newton's hyperbola.
3. In the pedal curve with the pedal points in both foci (the auxiliary circle) we have depicted a new hodograph for the determination of tangent velocities of planets on the hyperbolic orbit and the moment of tangent momentum.
4. In the pedal curve with the pedal point in the center of the hyperbola (the Lemniscate of Bernoulli) we have depicted a new hodograph for the determination of normal velocities of planets on the hyperbolic orbit and the moment of normal momentum 5. We have derived the formula for the torque of the Newton's hyperbola.
6. We have corrected the formula for the torque of the Kepler's ellipse in Jiří Stávek (28.10.2018) 7.We have inverted the Newton's hyperbola into the Lemniscate of Bernoulli and proposed the solution of the Kepler's Equation (KE) for the hyperbolic orbit.
8. We have formulated the Third Kepler's Law for the hyperbolic orbit using the fictious period T around the radius of the curvature.
8. Are there some more hidden curves in the Plato's Realm connected to the Newton's hyperbola? How to distinguish the real physical meaning written in those curves from fictious events if both are mathematically correct?
